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PARTIAL DIFFERENTIAL EQUATIONS
WITH MATRICIAL COEFFICIENTS
AND GENERALIZED TRANSLATION OPERATORS

N. H. MAHMOUD

ABSTRACT. Let A, be the Bessel operator with matricial coefficients defined
on (0,00) by

AU =U"(t) +

2 I

where « is a diagonal matrix and let ¢ be an n X n matrix-valued function.
In this work, we prove that there exists an isomorphism X on the space of
even C*°, C"-valued functions which transmutes A, and (As + ¢). This
allows us to define generalized translation operators and to develop harmonic
analysis associated with (Aq 4 ¢). By use of the Riemann method, we provide
an integral representation and we deduce more precise information on these
operators.

1. INTRODUCTION

Let (A +¢) be the perturbed Bessel operator with matricial coefficients defined,
on | 0,00[, by

200+ 1
_’__

(1.1) (Ao + QU ) =U"(t) U'(t) +a®)U (),

where U and ¢ are matrix-valued functions, and « denotes the n order diagonal
matrix

(65) 0

0 O,

with oy, > ... > a1 > —%.

It is well known (see [20]) that the radial Schrédinger equation with coupling
between 1" and the (I 4+ 2)"¢ angular momentum gives us a system of singular
equations which can be associated with an operator in the form (1.1).

The first goal of this paper is to establish the existence of an operator X (trans-
mutation operator) which transmutes (A, + ¢) and A,, in the sense

(Aa + Q)X = XAaa
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3688 N. H. MAHMOUD

and then reduces the study of (A, +¢) to that of A,. This will be done thanks to an
integral representation of the regular solution of the following differential equation:

I+ 2«

(1.2) U” (t) + U'(t) + q(t)U(t) + N2U(t) = 0, AeC,

in terms of Bessel functions.

The second part is devoted to the study of generalized translation operators
Ty, y € R, associated with (A, + ¢). This follows the framework of J. L. Lions
[16] and generalizes some results known in the scalar case (see [6] and [22]). We
use two techniques to study these operators; the first one is the Fourier transform
associated with the spectral decomposition of (A, +¢). We will see that if f is a C*®
matrix-valued function with compact support, then the function u(z,y) = T, f(z)
is a solution of the Cauchy problem

(1.3) _ ou _
w0 = 5@, gl =
where

(Aa _|_q)* U(t) _ U”(t) _’_U,(t)2a—|—f

+Ut)q" (1),

and ¢*(t) is the conjugate of the matrix ¢(t).

This leads to the second technique which consists in solving (1.3). The Riemann
method seems to be convenient for our purpose. Combining these two ways we
deduce some properties of the generalized translation operators. Among others we
deduce the product formula for the regular solution of (1.2).

The Riemann method has been used by B. L. J. Braaksma and H. S. V. De Snoo
and others (see [2], [5], [7]) to solve the scalar Cauchy problem associated with (1.3),
and by Coz (see [10]) to study the kernel of the transmutation operator associated
with a singular second order differential operator with matricial coefficients.

I am grateful to Professor Houcine Chebli for instructive conversations and help-
ful suggestions.

2. NOTATION AND HYPOTHESES

Let M, (C) be the space of square n order complex matrices and I the identity
matrix. The conjugate of a matrix A in M, (C) is denoted by A*. The norm of
A = (ajk)1<j k<n will be defined by

|A]] = max |aji|-

1<j<n
1<k<n

Let f be a holomorphic matrix-valued function. For any bounded domain D C C
we denote the norm of f on D by

Ifllp = sup [[f(2)]
zeD

Let J, and HY be the Bessel functions of the first and the third kind of index
v, v € R (see [22]). We denote by I'(a), J, and HY the diagonal matrix-valued
functions defined for, 1 < k < n, by

(2.1) C(@)ir = T(aw)s  [Jolir = Ja, and  [HP | = HE).
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Let Jatp, p > 0, and j, be the diagonal matrix-valued functions defined, for ¢ > 0
and A € C, by
(22)  JarpAb) = 2°T(a + DAL (M), Ga(M) = £ Ta(A, 1),
Let G(t) be the M,,(C)-valued function defined on [ 0, co[ by
taitsg 0
G(t) = ;
0 tan-l-%

so the operator (A, + ¢) can be written in the form
(Ao +qU(t) =G OIGU (1) + U (1).

The transformation v = GU carries the operator (A, +¢) into the perturbed Bessel
operator L% given by

I _ 2
Za

75 + Q()]v(¢), t>0.

The notions of continuity, differentiability, etc., when applied to matrix-valued
functions, are always meant to hold for each coefficient. For Y and Z two differen-
tiable matrix functions, we denote by WY, Z] their Wronskian

(2:3) WIY, Z](t) = Y ()G (1) Z' (1) = Y ()G (D) Z(1),

which is independent of ¢ if both ¥ and Z satisfy (1.2).
We need the following hypotheses:

(A1) g is even and holomorphic on C.

(A2) Q) =[GqG1](t), t > 0, is an hermitian matrix.

(Ag) o(t)= / s||Q(s)||ds < +o0, t > 0.

t

LOv(t) =v"(t) + |

3. ASYMPTOTIC BEHAVIOR

3.1. Behavior at zero. We consider the class of singular second order differential
equations

(3.1) L9v(t) + Nu(t) =0,  t>0,

where A is a real or complex parameter.
Thanks to an idea introduced by [13] (see also [18]) we show that the series

(3:2) Pr(t) = GHO[Y 172 By(6) Tatp (A D]G(D)

p=>0

is a formal solution of (3.1) provided that the coefficients By, p > 0, satisfy the
recursive process

{[Gl(t)Bo(t)G(t)]’ , =0
(PG 0B ()G(1)] = —FGT(D[(Aa + ") B(H)G().

Let us choose By(t) = I. Our purpose is to define B,,p > 1, by the same mean as
in [I8]; we need the following lemma.
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Lemma 3.1. Under the hypotheses (A1) and (As), for p € N, the matriz functions
Bpi1(t) and t**G=2(t)Byi1(t)G?(t), where Byi1 is defined by

B3) Bpnlt) = —g5mrGl) [ w6 W) [(Ams +47) B (G IG ().

are even and analytic.

Proof. From the hypotheses (A1) and (Az) we deduce that, for 1 < i,5 < n, we
have a; — a; € Z. The hypothesis (As) can be expressed in the form

uw” T g (u) = w9 g5 (u);
then we define By by

1 b .
[Blis () = _W/O wm N g (w)du, i<,

1 . o
B “éE?zzinii'jg ut T gy (uwdu, i > .

We deduce that the matrix functions B;(t) and G~2(t)B;(t)G%(t) are even and
analytic and recursively we obtain the lemma. [l

Proposition 3.2. Suppose that q is holomorphic in the disc D(0, R). Then
i) For k,p > 0, the functions By, defined by the recursive formula (3.3), satisfy

k 2
(k) k!p 2¢cp 1
(3.4) 1By ipollD0,R) < 721’—1}%%![—}%2 + MJP7| Byl p(o,r)

where ¢ = [|I —2al|, M = ||q||po,r) and po = an — aq.

ii) The infinite series (3.2) is uniformly convergent on every compact subinterval
of 10,14 ||I — 2a||~Y2Re™1[; its sum ®x(t) is an n order matriz whose rows are
vector solutions of (3.1), and which satisfies the asymptotic relation

(3.5) A1) = GO +o(1)],  lim o(1) = 0.

Proof. Since (3.3) can be written as

1 o ) -
[Bp+1li (t) = _W/ u® " IP(A o + ) Bylij(w)du, 1<i,j<mn,
=i A

then, for p + a; — a; > 0, we use estimates of [18] p. 264], and the proposition is
deduced. O

Corollary 3.3. The equation (1.1) has an unique solution ¥(\t) = G=1(t)®\(¢)
satisfying the following asymptotic behavior:

lim (A, ¢) = 1.

Using the Sonine integral representation of the Bessel function of the first kind
Jo (see [22]), we deduce:

Corollary 3.4. The function ¥ has the Sonine type integral representation

(3.6) VO = a0 + [ MG ) (),
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where jo is given by (2.1) and

> B t2—u2 —1
(3.7) M(tu) =tG72() Y it 2p T >) ;
1

the series being uniformly convergent on every compact subinterval of (0,00).
3.2. Behavior at infinity. Let us denote by Hg}) the diagonal matrix defined by

T gitet )3 ) p),

(38) HOW) =5 ¢

where H! is given by the formula (2.1).

Theorem 3.5. i) For A\ € C,\ # 0,t > 0, the differential equation (3.1) has
a fundamental system of solutions F(\,t) and F(—\t) satisfying the following
asymptotic behavior:

1 1
A\t) = e M 4+ o(—)], lim o(—=)=0.
Fvt) = [ (|)\|t>] [AJt—+o0 (|)\|t>
ii) The mapping A\ — F (A, t) is analytic in {\ € C,ImA < 0} and continuous in
{A e C,8mA < 0}.
Proof. Using the method of variation of parameters in the equation

v (t) + - a2v(t) + Mo(t) = —Q(t)v(t), t>0,

we obtain the following integral equation:
o0
FOL =HDO0) = [ KO 0@ PO,
t

where the kernel K (), ¢,t") is defined by

2iam
£ [HS>(>¢’)HS>(—/\t) —HIOANHD (=) |.

K\t t) = 57X
(3

Using estimates on H(al), the hypothesis (A3) and successive approximations we
deduce the existence of F(\,t) and its behavior at infinity (see similar results in
4], 207). O

Corollary 3.6. i) Let 0 <ty < t; for A€ C, SmA <0, and |A\| > Ao > 0, we have

1 1
F'(A\t) = —ide”™M[I li —) =0.
6 = ol i o) =0
it) For SmA <0, we have
lim  F(\t) =0, lim  F'(\t) =0.

[A|t—+o0 [A|t—~400
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3.3. The c-matrix. Let E(\,t) = G~ (t)F(\,t) be the solution of (1.2) associated
with F'(A,t). Using the known fact that the Wronskian of (A, t) and E(—A,t) is
independent of the variable ¢, we set

1 _
(39) C(A) = ﬁW[E(_Av t)a w(Aa t)]a A # 0.
This matrix, the analogue of the Harish-Chandra c-function, intervenes in the den-

sity of the spectral measure associated with the operator (A, + ¢). The properties
of (A, t) and E(\,t) allow us to deduce the following results.

Proposition 3.7. i) The mapping X — c(X) is analytic for SmA < 0, and

(3.10) c(A)z\/;zar(a)e“wMG1(A)[1+o(ﬁ)], ‘)\lliinooo(ﬁ)zo.

ii) There exists a constant N > 0 such that, for any A € C, SmA < 0, |A| >
N;c()\) is invertible. The mapping X +— ¢ 1()\) is a meromorphic function on
SmA < 0 with simple poles.

Proof for similar results are given in [I7].

4. FOURIER TRANSFORM
Let D be the space of even C*°, C™-valued functions with compact support.

Definition 4.1. For every f in D we define the generalized Fourier transform F(f),
associated with (A, + ¢), by

(4.1) AW = [ Acos @

Remark 4.2. The Fourier-Bessel transform F,,, associated with A,, is a C™-valued
operator defined for f € D by

FalDBO) = [ GG ¥ fufu)du, 1<k <0,
0
Let LS be the Hilbert space defined by

LS = {f  10,00[— C" | |[fI3 = / T P @)@ @) [ (@)de < oo},

The Kato-Rellich criterion shows that the operator (A, + ¢, D) is an unbounded es-
sentially self adjoint operator in LS. Its absolute continuous spectrum, parametrized
by A, is equal to [0,00[. The discrete spectrum is composed with a finite num-
ber of negative eigenvalues: —A%, ..., —A2  where the Aj, 1 < j < m, are zeros of
A — detc(N). Let R; be the residue of c=1(\) at \j; then ¢(\;, t) R; is the associated
eigenfunction.

Let S; be the inverse matrix of

(42) | s o) G2 0u 0y O Ry,
0

and let S be the matrix defined, for A # A;, by

(4.3) STHN) = 2w (N)e(N).
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The properties of ¢(A\) and its asymptotic behavior allow us to deduce that S()) is
a tempered measure and that

(4.4) S(A) = 5% (\) = S(=\).

To obtain the spectral theorem we shall introduce some new spaces (see [12]). Let
L5 be the Hilbert space of C"-valued functions f defined by

@) I§ = (5 Docl= € I = [ FOISOFNar < +oc.

For u and v two elements of (C™)™ we put
m
({u,v)) = Zv;Sjuj.
j=1

Finally let H = L5 & (C™)™, and
H={g:C—C", even, analytic | IR > 0,Vk € N,
suprec|(1+ [A*)Fe MmN g(A)[| < +o0}.

Making use of the spectral theory of self adjoint operators on Hilbert spaces (see
[11]) and the last results we deduce the following

Theorem 4.3. i) (Inversion Formula) The mapping f — F(f) extends to an iso-
metric isomorphism from LS onto H; the inverse mapping is given by

46) )= / TUAOSEDNA + 3 w0 RS

=1
with

A-—Oo - S)R*G2(s) f(s)ds.
fi = / (A )R ) G2 () f(3)d

ii) (Plancherel Formula) For any f in LS we have

(4.7) AN = WFOIE+ D f5Si 15
j=1
iti) (Paley-Wiener type theorem) The mapping f — F(f) is a bijection from D
onto H.

5. TRANSMUTATION

Let C? be the space of twice continuous differentiable C™-valued functions defined
on |0,00[. Let C, be the space of even C'*, C"-valued functions, equipped with
the topology of the uniform convergence, on every compact subset of R , of the
functions and their derivatives. Let £ be the subspace of functions in C? such that
G lf ed..

Let us recall (see [18]) that the operator X defined on £ by

(5.1) XF() = F(t) + G(1) /0 Mt W)G W) fu)du, >0,
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where M (t,u) is given by the formula (3.7), is a permutation operator between L%
and L°, that is,
(5.2) LOx = XL°.
5.1. Transmutation associated with (A, + ¢). Since the operator (A, + q) is
related to L? by the formula
(5.3) (Aq +q) = G'LOG,
let us consider the operator X defined by
(5.4) X =GXG;
then the formulas (5.1) and (5.2) allow us to deduce that for any h in D
(Ag + @)X h=XAuh,
with
t
(5.5) Xh(t) = h(t) +/ M (t,u)G?*(u)h(u)du,  t>0.
0
Theorem 5.1. The operator X is an isomorphism on the space Cy and for any h
in C, we have

) lim_o Xh(t) = h(0) ,
i) XAgh = (Aq + q)Xh.

Proof. Let us consider the integral equation of Gelfand-Levitan type
x
g(z) = h(x) +/ M (z,u)G? (u)h(u)du, x> 0.
0

Lemma (3.1) and Proposition 3.2 lead that the kernel M (z,u)G?(u) is continuous
for 0 < u < z, so the previous integral equation has an unique solution which is
continuous. To deduce i) we note, using the Proposition 3.2 that

(PP (HGA(1)
2prp!

Xh(t) = h(t) + i ¢ /1(1 —vHPG2 (v)h(tv)dv.
0 0

To have ii) we take f = Gh, h € C, and we use the formulas (5.2), (5.3) and
(5.4). O

Definition 5.2. We denote by C’ the space of even C™ valued distributions with
compact support.

Proposition 5.3. The operator !X defined on C. by

(5.6) (*XT,g) = (T, Xg), g € (.,

is an isomorphism on C,.

Proof. Tt is an immediate consequence of Theorem 5.1. O

Corollary 5.4. For any g in D, 'X(g) is given by
(oo}

(5.7) Xg(z) = g(x) +/ M (u, )G (w)g(w)du, >0,
x

The function X (g) is even and continuous with compact support.
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5.2. Generalized Fourier transform and transmutation.
Lemma 5.5. For any f in D, X f is in F~1(L5).

Proof. For f in D, we have the following Fourier-Bessel inverse formula, associated
with A,

ft) = S /0 h Ga(BNGZEN) Fa f(N)dA,

21

where j, is given by (2.2). Using (3.6) and the last formula, we deduce that

X106 = 5 [ 0GR ND

~ L / T OSSN (N Fa fV]dA,
21 Jo

so we deduce the lemma. O

The following proposition allows us to link the operators F and F, using the
transmutation operator X.

Proposition 5.6. For any [ in D we have
(5.8) FXFA) = Ne(NG(NFaf(N),  AeC,
(5.9) F(f) = Fo ' X(f).

Proof. Formula (5.8) is a consequence of the previous lemma and (4.3).
The operators F and F, are isometries so that for f and g in D we have

<Xfag>2 = <foafg>ﬂa

and

(£,"X(9)2 = (Falf), Fa "X (g))2;

using the formula (5.8) we show that

<'7:(Xf)af(g)>’}—? = <-7:a(f)7‘7:(g)>2~
The density of F, (D) in L§ completes the proof of (5.9). O
Theorem 5.7. The operator X is an isomorphism of LS.

Proof. Since D is dense in L, it suffices to have the result on D. From Lemma 5.5
and the formula (5.8), we have (see [6])

IXIE = IFXDIE =5 [ G N F. ]
<o [ IeNGOIPIGOVEL )P

_27T0

From (3.10) we deduce that ||c(A\)G(X)|| is bounded and so there exists a positive
constant N1 such that

[le(NGN)]| < Ni.
Then we have
X (N2 < Nil|Fa(f)ll2 < Nil|fl]2-



3696 N. H. MAHMOUD

Conversly, for f in D, using (5.8) we have
Faf(N) =21G2(N)S(NFXf(N);
we deduce that
IF113 = [|FfIE = 127G 2 (N S(NFFNII3

= /Oo 120G~ 1N SN FX F(N)||2d.

0
Using again (3.10) we deduce that there exists a constant Ny such that

1Fll2 < Na||F(X )]s

Finally the Plancherel formula allows us to deduce that
NyUIX (Dl < M1 flle < NollX(F)lle, €D

This suffices to conclude the theorem. O

Remark 5.8. 1) We define the generalized Fourier transform F and the transmu-
tation operator X on the space D of C™, M, (C)-valued functions, with compact
support, respectively by the same expressions (4.1) and (5.5).

In particular Theorem 4.3, Propositions 5.3, 5.6 and Corollary 5.4 remain valid
for these transformations.

ii) We denote by Lo the Hilbert space defined by

n o}
L2 = (£ 40,001~ Mu(©) IFIB = 30 [ w0+ fis(udu < o).
i,j=1"0
Theorem 5.7 remains valid for this space.
6. GENERALIZED TRANSLATIONS AND CONVOLUTION

Definition 6.1. i) We denote by T, y € R, the generalized translations operators,
associated with (A, + ¢), and defined by

(6.1) T,f = F HF(NHNY Ny, feD.

ii) Let f and g be in D. The generalized convolution product, associated with
(Aq + q), is the function f#g defined by

(6.2) ftg=FUF(HF(9)].
If we use (4.6) and (6.1), then the previous definition takes the form
(63) fro@) = [ T1@GC Wiy

Remark 6.2. i) In the particular case when ¢ = 0 we denote by 7, (resp. *) the
generalized translation (resp. the convolution product) associated with A,.

ii) When g € D and T € C., (the space of even matrix-valued distributions with
compact support), we can define T'x g by
Trg=Fo ' [Fa(T)Falg)]
It suffices to note that F,(T) belongs to the space of matrix-valued slowly in-

creasing functions of exponential type.
The following properties derive immediately from Definition 6.1.
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Properties 6.3. For any x € R and f € D, we have
o Tof(x) = f(x),
o Tu(f) € D,
* (Aa+q); Tuf =Tu(Aa +q)f,

where

(Ba+0)U(0) = U"(1) + U/ (0) 2 4 Ult)a (1),

Theorem 6.4. For any f in D, (r,y) € R xR, the function u(z,y) := T, f(z) is
the unique solution of the Cauchy problem (1.3), given by

(Aa + Q)Iu(xa y) = (Aa + Q)Zu(xvy)a
ou ~0

aO = s o
wr0)=f0) 5ol
Proof. For f in D, by definition, we have
T,0(@) = [ oo NSOIFEIOND 00N + 3 (o )RS " (0.
j=1

then it is easy to see that T, f(x) is a solution of the problem (1.3). To have the
unicity, we apply the Fourier transform, with respect to z, for the two members of
the equation

(Ao + @) u(z,y) = (Aa + q)yu(z,y).
Then the function v(\, y) = Fu(.,y)(A) is a solution of the problem
(Ao + ) v\ y) = No(\,y),

which is a differential equation of Fuchs type with a regular condition at zero. The
unicity of the solution of a such system completes the proof. O

The following proposition allows us to link the convolution products # and x by
means of the transmutation operator X.

Proposition 6.5. For f and g in 15, we have
(6.4) (X f)ig = X(f+'Xg),
(6.5) "X (ftg) ="X(f)*"X(9).
Proof. By the definition (6.2) we have
(X f)ig = FHF(XF)F(g)]-
The formulas (5.8) and (5.9) yield that
X ftg=F " NeNG* (N Falf ' Xg)(N)];

then we have (6.4) (from an idea of [1]).
Using the formulas (5.9) and (6.2), we have

(Fa o ' X)(fg) = (Fa o "X)(f)(Fa © " X)(g)
= Fal[ X (f)*"'X(9)};
the invertibility of F, allows us to deduce (6.5). O
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In the proposition below we link the generalized translation operator T, and 7, by
means of the transmutation operator X.

Proposition 6.6. For any f in D we have
(6.6) Tof(y) =X, X (T X ) W)
Proof. We note that (see [21])

A1) = Fal K7 (¢, )V

here K (t,.) denotes the distribution, in C,, defined by (K (t,.), f) = X f(t), and X f
is given by the formula (5.5). Using Definition 6.1 we have

[Fo o 'XITof = Ful X(DVFalK*(2,.)] = Fal X () 5 K*(2,.)],
or equivalently

T, f(y) = "X, X (f) » K*(x,.)](y).

From the formula (6.5) we have

710 =%, [ EOXDWICE @i
so we deduce the formula (6.6). O

By use of Remark 5.8 and the previous proposition we have

Corollary 6.7. The mapping f — T,(f), y € R, extends to a continuous operator
on Lo.

7. RIEMANN’S METHOD

In this section we recover an integral representation for the solution of the Cauchy
problem (1.3). Estimations on the solution and the kernel of its integral repre-
sentation are given. This allows us to deduce a product formula for the regular
eigenfunction associated with (A, + ¢). For this we use the Riemann method, and
we suppose that « is a scalar matrix. Since the problem (1.3) has no symmetry in
z and y, Riemann’s method leads us to study separately the cases 0 < z < y and
0 < y < x. The Riemann function is used.

7.1. The Riemann function. Let A,, denote the characteristic triangle in
the (s,t) plane with vertices P(z,y), Q(z + y,0) and R(z — y,0) (see Figure 1).
B. L. J. Braaksma and H. S. V. De Snoo have studied in [2] the Riemann function
in the domain Ag,. Since, in the scalar case, the problem (1.3) is symmetric in x
and y, it is easy to extend the solution to the first quarter; this is not our case. A
domain  of type Figure 2 is introduced to study the case 0 < x < y. Estimations
on the Riemann function are established in each case. we The Riemann function R
is defined as the unique solution v(s,t) = R(z,y; s, t) of the characteristic boundary
value problem

(LY — L) v(s,t) =0, (s,t) € Ayy,
b s ltmaty,
T

71 Ju, s+t=xz+y,
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t 5 t
(=, 9)
(z,y)
0,y
On Q
S S
(z —y,0) (n,0) (z +v,0)

(y —=,0) (z +y,0)
FIGURE 1. Thecase0 <y <z FIGURE 2. Thecase0 <z <y

where (Lg — Lg)*™ is the adjoint operator of Ly — Lif and LY is defined by

This problem is dealt with as the scalar case (see [9]) and (7.1) has a solution
which is a diagonal matrix given by

st 1
. _ (2 \ats o
R(xﬂyvsvt)*(xy) 2Pa7%(]— 22:)],
where P; denotes the [ th -Legendre function and
@y’ - G-t HE+y)? - (s+1)%)
16xyst ’

e In the case 0 < y < x we extend easily the results of [2] to have estimations
on R.
Let R be function defined by

% if o > 1,

st aty 1ol : 1

(7.2) R(z,y;s,t) = (@) Z2 if 0 <laf <3,
(2£)" 2 (14 Logz™) ifa=0,

where

Z = 16zyst{(z +y)* — (s =)’} " H{(s +1)° = (x —y)*} 7"
Then there exists a positive constant My such that
(7.3) [|R(z,y;s,t)|| < MoR(x,y;s,t), V(s,t) € Ayy.
Since R(z,y;s,t) is bounded on Ay, it follows that
(7.4) R (2,535,011 < M, ¥(s,8) € Auy.
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e In the case 0 < x < y, one introduces the variables

X=y—-z, 2n=y+uz,
26y =t — s, 2ng =t +s.

Instead of z we use Chaundy’s variables x1 and x5 (see [10]) defined as follows:

(r+y—s—t)y—x—t+s) (+y—s—t)@—y—s+t)
T = 5 To = )
4xs 4yt

so we have

(& =€) —n*)

(n* = &2)(ng — &)

The domain € is the union of the triangle A, and the rectangle A,, with vertices

(J?,y), (O7y - Z‘), (y - Z, O) and (ya J))
When (s,t) belongs to Ay, we have

(7.5) 1-2z2=1-22; — 229 — 2129 =1—2

0 < || <&<mo<n< oo,

and the formula (7.5) shows that 0 < z < 1. We derive from the properties of P,
(see [14]) that there exists a positive constant M; such that
|Pa7%(1 —2z2)| < My, (s,t) € Aygy.
When (s,t) is in Ay, we remark that x; is positive while x5 is negative, so the
formula (7.5) shows that

1<1-22<1—2x,,
and on the other hand
0< -z <?,
t
so using the integral representation of P, we have
6
IP(1—22)] < (1 — 2a2)! < (Ty)l.
The previous estimates and the properties of the domain €2 yield

(7.6) IR, y: 5.0l < M{(D)™E, (5.1) €2,
x
where M/ is a given positive constant.
Moreover, using the previous estimates, we have (see [2])

liInifA»O‘*' R({E, Y5 s, t) = 07

7.7 .
( ) hthOJr %[_%R(may757t) + %R(mayﬂﬂt)] :wo(%%s)la
where

21720 (a0 + 1) |
7.8 wolz,y,s) = ——————Ls(zy) "2 W2 (2, vy, 5),
(7.8) o(z,y, s) Vit 1) (zy) (z,y,s)
with

(7.9) W(a,ys) = {(z+y)* = s*}Hs* = (= - »)*}.
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7.2. Solution in the case 0 < y < x. For any fixed point (z,y) € R?, 0 <y < m,
and (s,t) € Agy, let v(s,t) = R(z,y;s,t) be the solution of (7.1) and u(s,t) the
solution of the problem (1.3). We have

o(s, O[(LS = L uls, )] — [(Lg — L) (s, t)]u(s, t)
= u(s, 1)q"(t) — q(s)uls, t).

We apply Green’s theorem to the expression in the left on the triangle Ay, (see
[7]); then we deduce that the function u(s,t) is a solution of the integral equation

(7.10)

Tty
u(x,y) :/ wo(z,y,s)f(s)ds + %/A R(z,y; s, t)[q(s)u(s, t)—u(s, t)g"(t)]dsdt.

-y

This integral equation is of Volterra type, and therefore can be solved by the
successive approximations method. For this purpose we set

Tty
(7.11) w(e) = [ wnle)f()ds
lz—y|
and, for £ > 0,
(712)  upsa(ay) = % / R(@, 1 5, )a(s)wn(s, 1) — wn(s, £)q" (£)]dsdt.
Azy

Theorem 7.1. Let 0 < y < x, and f be a bounded measurable function. Suppose
that there exists a measurable function Q(t) such that

gl + eIl < Q). s>t

and po(y) = [ Q(t)dt is finite; then the series

u(w,y) = u(z,y)
k>0
is uniformly convergent in any domain

Y5 ={(z,y) eR? |y <, and 0 <y < 6}, § < +o0.

The sum u(z,y) is a solution of the problem (1.3), and there exist positive constants
M and N such that

|lu(z, y)I| < N[ fllccexp{Mypo(y)}-

Proof. Using (7.8) and (7.11) we deduce that there exists a positive constant Ny
such that

(7.13) (o (s, )] < Nol[ f]oo-
Then the hypothesis of the theorem, formulas (7.4) and (7.12) show recursively that

[M{ypo(y))*
B

so Theorem 7.1 follows. O

[uk (s, D)]| < Nol[floo k>1,
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7.3. The translation kernel. In this part we suppose that 0 < y < = and that
q satisfies the hypothesis of Theorem 7.1.
Any M, (C)-valued function f can be written as
fl@)= ) @) fi),
1<i,j<n
where 69, 1 <4, < n, is the matrix-valued function defined by
i [ 1 (kD)= (0.9),
M 0 if (k1) # (i,4),
and f;; is a scalar-valued function.

Let i and j € N | 1 <i,j < n, be two fixed integers and consider the following
Cauchy problem:

{ Ugy + 2ax+1ux — Uyy — 2(1;1“11/ = U'q*(y) - q(m)u,

(7.14) u(z,0) = §Yh(x), 2—“;(% 0) =0,

where h is a bounded, measurable and scalar-valued function.
Let u(z,y) be the solution of (7.14). We shall show that each function ug(z,y),
k >0, in (7.12) may be represented by

T4y .
ui(z,y) =/ wy (. y,mh(n)dn,
z—y
where, particularly, we have

wéj (LL', Y, 77) = W()({E, Y, 77)6”'
Let

@ (@, y,m) =Y wy (2, y,m);
k>1

then we have the following results.
Proposition 7.2. Under the hypothesis of Theorem 7.1 the series
(7.15) w (@, y,m) = wg (,y,n) + @ (x,y,7)

is uniformly convergent on any compact region of s and satisfies the estimates

L (| (z,y, )] < Nn(zy) " [-1+ expMpi(y)] , 5 < a,

2. || (z,y,n)|| < Nwo(z,y,n)[~1+ expMpi(y)], 0 < a < 5,

3. [[@% (z,y,m)|| < Np3@tDglol=3y'5 =31 4 ecapMypo(y)], —1 < a <0,
4@ (z,y,n)|| < Np3/ta=2y=1 4 po(y)exp[Mypo(y)], o =0,

where N, M are positive constants depending on a, pc(y) = foy t¢Q(t)dt, and € > 0.
Proof. From (7.11) we obtain

Tty
uo(z,y) =/ wg (z,y, n)h(n)dn.

—y
Using the previous formula and changing the order of integration we rewrite (7.12),
for k =0, in the form (see [15])

1oty ij ij «
w3 [ [ Reyis sl (ston) — wf (5.t (Oh(n)dsdtan,

-y
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ntr—y n-z+y
2 2

where o, is the rectangle with vertices (z,y), ( ), (n,0) and

n+x+y r+y—n
]
Recursively we have
z+y
ur(@,y) :/ wi (@, y, mh(n)dn, k> 1,
x

-y

with

ij 1 ij ij *
(7.16)  w,  (x,y,n) = 5/ Rz, y;s,t)q(s)wy (s, t,n) —w (s,t,m)q" (t)|dsdt.

For the estimates of wfcj (x,y,n) we use again the results of [2].
Since for o > % there exists a positive constant Ms such that

||R(£L’, Y; s, t)wo(s, L, 77)” < MoMs n(xy)_la (87 t) € Amy
Hence by (7.16) we show, recursively, that

.. M Yy k
o e, < Man(a) ™ L2

then we deduce (i).
In case of 0 < @ < %, we have Z < 16zystW —1(x,y,n), so by (7.8) we have

[lwo(s, t,mR(w, y; 5,1)[| < Man(st)W 12 (s, 8, m)wo(, y, ).
Then, using the substitution s? = (n — t)? + 4ntv, we deduce that
(7.17) W(s,t,n) = 16t*n*v(1 — v),
and we show, recursively, that there exists a positive constant M, such that

Mopr (@), - .

[y (&g, )| < Mawo(w,y,m) =75, k> 1;

from this we deduce (ii).
In the case —% < a < 0, according to (7.2) and (7.8), we have

[wo(s, £, R (, y3 5, 1) | < MoMa(st) ™ 2(ay) ™5 W% (s, 1,m);
using formulas (7.16) and (7.17), we show that

. al— 3 (a4l ;a,éMoypoyk
llwy (,y, || < Maal®1=1/2pz (et 2)yzlel %

We discuss finally the case a =0. Since we have wy(s,t,n) = MonW =% (s, t, n),
using (7.2), we deduce that

k>1.

Y 1 nth 1 1
/ tEQ(t)/ s2W ™2 (s, t,n)dsdt.
0 n

—t

N

lwi (z,y,m)|| < MoMan(zy)~

By the same substitution as the previous cases and thanks to (7.17) we deduce that

g 5 .
[[wi’ (@, y, | < MoMan™(xy) =2 p1(y).
Then, recursively, we obtain

» s 1 1 . [Mopo(y)l¥
lwy (z,y, )|l < Man7a~ 2y~ 7y" 1%;

this completes the proof of the proposition. O
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Theorem 7.3. In case of 0 < y < x and under the hypothesis of Theorem 7.1 the
function

u(x,y) Z/x I (a,y,m) fij (n)dn

1,5=1
is the solution of the Cauchy problem (1.3).

7.4. Solution in the case 0 < z < y. In this case we introduce the domains
O =0n{y <z} and Q = QN {x < y} (see Figure 2, [8]). We apply again
the Riemann method in the domain €. After computation, we show that  is a
characteristic domain in the same way as A,,. Indeed, for v(s,t) = R(x,y;s,t), we
have

(LY — L) v(s,t) =0, (s,t) € 9,
st =(atg)(G v, s—t=c—y,

(7.18) vs—vt:(a—i—?)(i—%)v, s+t=x+y,
v —v=(at+ DA -Do syi=y-u
v(z,y) =1

Considering the formula (7.10), applying Green’s theorem to the expression in
the left on the domain © and using (7.18), we show that the solution U(z,y) of the
Cauchy problem (1.3) satisfies, for 0 < < y, the integral equation

(7.19) U(z,y) = uo(z,y) /R x,y;8,1)[q(s)U(s,t) — Ul(s, t)q" (t)]dsdt

where wug(z,y) is given by (7.11).

Theorem 7.4. Let 0 < x < y; under the hypothesis of Theorem 7.1, the problem
(1.3) has an unique solution U(x,y) satisfying

T+ Y qrl
1U (@9l < NI flloo(—7)*" 2 exp2Mypo(y)];
where N, and M are given positive constants.

Proof. Let

1
w(z,y) =5 [ Rizy;s la(s)uls, t) —uls, t)q" (t)]dsdt;
(951
since, by Theorem 7.1, u(x,y) is completely defined on Q; so is vo(x,y), and by
(7.6) we have

(7.20) o, )| < NIl leoo () (e0) EeapMypo(y)

Then we rewrite (7.19) in the form

U(z,y) = uo(z,y) + vo(z,y) + % o, R(z,y;5,8)la(s)U(s,t) — U(s, t)q" (t)|dsdt.
Solving this problem causes us to consider the two following integral equations:
0e9) = vole ) + 5 [ Ry 0la(e)0 1) ~ Ols, " (1)

and

) = o) + 5 [ Ry, 00a(6) (500) = Os. 0 s,
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To solve the previous integral equations we use successive approximations. By
means of Theorem 7.1, the formulas (7.6) and (7.13) we deduce that there exists a
positive constant Ny such that

yre

U(x,y) < Nil| f]ool 5 )F = exp[Mypo(y)).

In a similar manner, using (7.6) and (7.20), we have

0, y) < Nillflloe (D) S eapMypo(y)][—1 + expMypo(y))

Then U + U = U is a solution of (7.19), easily, we have Theorem 7. O

7.5. The product formula. The following result generalizes the product formula
studied extensively in the scalar case (see [3], [7]).

Theorem 7.5. For any A € C we have

L ogp(\,z)* = > / (@, y,myY (A m)dn, 0 <y <,
1<4,j<n 7T~
y+z -
2. PN )Ny = > / [w (y, )] * Y1 (A, m)dn, 0 <z <y,
1<4,5<n

where w¥ (x,y,n) is given by the formula (7.15).

Proof. Theorem 3.5 and Corollary 3.3 show that, when A is real, the eigenfunction
P(A, x) is bounded with respect to & so we can apply the results of Theorem 7.3.
Since

bhz) = > 8T (N ),

1<i,j<n
the Cauchy problem (1.3), with initial conditions

(7.21) u(z,0) = P(A, @),
has, when 0 < y < z, the following solution:

Z / (2, y, m)¥™ (X, m)dn, A €ER.

1<i,5<n

On the other hand u(x,y) = ¥(\, x)¥*()\,y) is a solution of the Cauchy prob-
lem (1.3) with the initial conditions (7.21). The unicity of the solution, and the
analyticity of the function A — (A, z) give us the theorem. O
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